We study the Faddeev formulation of gravity in which the metric is composed of vector fields. This system is reducible with the help of the equations of motion to the general relativity. The Faddeev action is evaluated for the piecewise flat ansatz for these fields when the metric corresponds to the flat interior of the 4-simplices of the general simplicial complex. Thereby an analogue of the Regge action in the usual general relativity is obtained. A peculiar feature of the Faddeev gravity is finiteness of the action on the discontinuous fields, and this means possibility of the complete independence of the fields in the different 4-simplices or incoincidence of the 4-simplices on their common faces. The earlier introduced analogue of the Barbero-Immirzi parameter for the Faddeev gravity is taken into account. There is some freedom in defining the Faddeev action on the piecewise flat manifold, and the task is set to make use of this freedom to ensure that this discrete system be reducible with the help of the discrete equations of motion to the analogous discrete general relativity (Regge calculus).
Introduction
Recently Faddeev has proposed [1] a new formulation of the Einstein's gravity described by a set of ten covariant vector fields f A λ (x). Here, the Latin capitals A, B, . . . = 1, . . . , 10 refer to an Euclidean (or Minkowsky) ten-dimensional spacetime, and the Greek indices λ, µ, . . . = 1, 2, 3, 4 refer to our four-dimensional spacetime. To simplify notations, we consider the case of the Euclidean metric signature for both the spaces.
Our usual metric is a composite field, g λµ = f 
Here, Π AB = δ AB − f λ A f λB is the projector onto the vertical directions, or onto the sixdimensional subspace in the ten-dimensional spacetime orthogonal to that one spanned by the tetrad. Note that this projector makes the usual derivatives equivalent to the covariant ones,
The action takes the form
Applying the operator Π AB δ/δf λ B to this action, we get the vertical components of the equations of motion,
Here, b
Since the index A in the system of equations (5) is that of some projected by Π AB expression, it takes on effectively 6 values. Thus we have 4 × 6 = 24 independent equations. If these equations are considered as a linear system for T λ µν , the number of these equations might be sufficient to ensure that 4 × 6 = 24 components of T λ µν be zero. Namely, the matrix of the system (5) is a square 24 × 24 matrix (a function of b λ µA ), and the determinant of it is nonzero for random values of b λ µA [1] . Therefore, it is assumed that the vertical equations of motion are equivalent to the vanishing of torsion: T λ µν = 0. This means thatΓ λ µν = Γ λ µν . Substituting this back into S, we obtain the Hilbert-Einstein action. Therefore, the other components of the equations of motion are the Einstein equations.
We have found [2] that the Faddeev action can be modified by adding to it some parity odd term,
Here γ F is an analog of the known Barbero-Immirzi parameter γ [3, 4] because it arises in the aspect of the first order formalism for the Faddeev gravity considered in [2] upon adding certain term to the action analogous to that one parameterized by γ and added to the Cartan-Weyl form of the Hilbert-Einstein action [5, 6] . Contrary to the case of γ, the term parameterized by γ F in the first order formalism for the Faddeev gravity does not vanish on the equations of motion for the connection. This leads to the above modification of the genuine Faddeev action. However, this term disappears at the second stage upon partial using the equations of motion like (5) . Indeed, modification of (5) for the action (6) looks as
The modification made seems to be not crucial for that the determinant of this linear system be identically zero so that we assume that this system leads to T λ µν = 0. Then the curvature tensor S λ µνρ is Riemannian one R λ µνρ . The second term in (7) is identically zero by the properties of the Riemannian tensor and we are left with the purely Einstein action.
Some notable feature of the Faddeev gravity is finiteness of the action even if the field f λ A is discontinuous. This is connected with that the Faddeev action for gravity does not contain the square of any derivative. The fields with the stepwise coordinate dependence are some particular case of the discontinuous fields, and these can approximate any given field arbitrarily closely. This reminds studying the collection of the flat 4-simplices (4D tetrahedrons) instead of the general Riemannian manifold in the usual general relativity known as Regge calculus [7] . In fact, the piecewise flat spacetimes can be described as the simplicial complexes composed of the flat 4-simplices [8] . In some piecewise affine frame the metric is constant inside the 4-simplices, and analogously the Faddeev fields can be chosen piecewise constant on the general simplicial complex.
Unlike the Regge calculus, the 4-simplices in the case of the Faddeev gravity do not necessarily match on their common faces since the tetrad f λ A and therefore the metric are allowed to be discontinuous.
The aim of this note is just obtaining an analogue of the Regge action by the direct evaluation of the Faddeev action on the piecewise flat spacetime. Our approach is analogous to that one of the work [9] where the Regge action has been derived by estimating the Einstein action on the δ-function curvature distribution with support on the triangles. The Faddeev action has been shown to be contributed by the triangles, and the contribution from the triangle has been evaluated for the genuine Faddeev action in our paper [10] . In the present paper, we take into account the parity odd term in the action and deeper study the structure of the result towards the form of the discrete equations of motion.
Faddeev action on the piecewise constant fields
Let us write out the Faddeev action (6) for the piecewise-constant fields on the simplicial complex. Let x λ be a piecewise-affine coordinate frame; f λ A (x) = const in the interior of every 4-simplex σ 4 . The field f λ A in the most part of the neighborhood of any 3-simplex depends (in a stepwise manner) only on the orthogonal to σ 3 coordinate. Therefore, the contribution to S from σ 3 is zero. Contributions to S come from the neighborhood of the 2-simplices σ 2 due to a dependence on the two coordinates, say, x 1 , x 2 . Evidently,
That is, these are proportional to the δ-function const · δ(x 1 )δ(x 2 ). The constants can be reliably defined with taking into account the fact that these expressions are some full derivatives,
Then the integral over any neighborhood of the point (x 1 , x 2 ) = (0, 0) (which defines this constant) reduces to the contour integral not depending on the details of the behavior of the fields at this point. Thus we have
. . . 
In fig. 1 , the center O which represents the 2-simplex σ 2 is encircled by the integration contour C counterclockwise.
Taking into account the subsequent symmetrization over A, B we can permute A, B
in the last terms in the RHSs of eqs (11,12). Thus we have to evaluate the integrals of the type of
where the functions ψ, χ of x 1 , x 2 are constant almost everywhere and are discontinuous on passing through a few straight lines radiating from some conical singularity on the plane (with a cut beginning at the singularity). An ambiguity may be connected with defining the products of the step functions and delta functions arising under the contour integral sign. Let σ Here, we have naturally proposed a symmetry between f 1 A and f 2 A , f 4A and f 3A , and have taken the same α for both ψ and χ. Then the value of the integral (13) can be readily found,
Remarkable is that the dependence on α has disappeared. It is easy to see that (15) is zero if either φ(σ i . This means that (15) depends only on the variations of ψ and χ from 4-simplex to 4-simplex. Now we can define the constants at the delta-functions,
The symmetrization over A, B is implied.
We substitute these expressions into (6). Then we have the products of δ(
and Π AB √ g or Π AB discontinuous at (x 1 , x 2 ) → (0, 0). These products are defined ambiguously depending on the intermediate regularization of the discontinuities. We can absorb this ambiguity into some effective values Π AB √ g or Π AB on the 2-simplex
) and Π AB (σ 2 ), and write
To write out the action in an invariant form, it is convenient to decompose the world vectors into the components along some four vectors of edges,
Here, the four edges σ 
for the edge σ 1 , the difference between the coordinates of its ending vertices σ 
Here,σ , the summation over them is implied. The above independence from x 3 , x 4 in our construction in this section assumes that ∆x
. Then the action (23) reads
Here, g(σ 2 ) det ∆x
is a world invariant (a volume), and it can be written as simply g(σ 2 ) if the metric tensor forming this determinant is implied to be taken in the components projected on the edges, g σ 1
. The action (24) itself is explicitly a world invariant too.
Integrating (19) and recasting the result in an invariant form is performed even easier using the world invariants obtained by projecting the covariant tetrad components along the edges,
The contribution of σ 2 to the parity odd part of the action (6) takes the form
The sums in both the (24) and (26) 
Here, the ordered pairs kl denote the oriented edges. Then
It is seen that the contravariant edge components should be associated with the vertices of the 4-simplex rather than four edges, and these are, of course, not independent,
As for the covariant world components, these being projected on the ten edges form quite a redundant set constrained, however, by simple closure conditions,
The terms in the action depending on f 
Here the summation is over the ten 2-simplices (mnp) of the 4-simplex (01234) or the ten edges (kl) dual to (mnp) and do not depend on (mnp). On discrete level, this reflects the fact that the multipliers of Π AB √ g and Π AB in the continuum theory are full derivatives, see (9) , (10) .
Also this means that the action depends on the differences of Π AB (mnp) g(mnp) and Π AB (mnp) for the different 2-simplices (mnp) rather than on these factors themselves.
Taking into account this fact and also that S(σ 2 ) is bilinear in the variations of the fields f from 4-simplex to 4-simplex, we can conclude that both the action itself and the equations of motion obtained by differentiating (31) with respect to f 09-01-00142-a, 11-02-00792-a and Grant 14.740.11.0082 of federal program "personnel of innovational Russia".
